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Abstract

The paper deals with the H1 control problem for active vehicle suspension systems with actuator time delay. The time

delay for the actuator is assumed as uncertain time-invariant but has a known constant bound. By suitably formulating the

sprung mass acceleration, suspension deflection and tyre deflection as the optimization object and considering the actuator

time delay, a delay-dependent memoryless state feedback H1 controller is designed in terms of the feasibility of certain

delay-dependent matrix inequalities. A quarter-car model with active suspension system is considered in this paper and a

numerical example is employed to illustrate the effectiveness of the proposed approach. It is confirmed by the simulations

that the designed controller not only can achieve the optimal performance for active suspensions but also preserves the

closed-loop stability in spite of the existence of the actuator time delay within allowable bound.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Vehicle suspensions play an important role in modern vehicles to improve the compromise among the
conflicting vehicle suspension performances, such as ride comfort, road holding, and suspension deflection.
A considerable amount of research has been carried out for the last few decades to improve vehicle
suspensions [1]. Among the proposed solutions, active suspension is a possible way to improve suspension
performance and has attracted much attention [2]. The goal in active suspension control research is to improve
the ride performance, generally quantified by sprung mass acceleration, while maintaining an acceptable level
of suspension stroke and tyre deflection as packaging and handling measures. Various approaches have been
proposed to improve the performance of active suspension designs, such as linear optimal control [3], fuzzy
logic and neural network control [4], adaptive control [5], H1 control [6], nonlinear control [7], gain-
scheduling control [8] and preview control [9], etc. Also, many approaches are presented to deal with the
multiobjective requirement of vehicle suspensions (see, e.g., Refs. [10,11] and the references therein). In
particular, H1 control of active suspensions are intensively discussed in the context of robustness and
disturbance attenuation [12–14]. It confirms that H1 control of active suspension systems using the
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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optimisation of either a weighted single objective functional with hard constrains or multiobjective functional
is an effective way to deal with the conflicting vehicle suspension performance problem.

In active control of vehicle suspension systems, the time delay of the system is another important issue that
needs careful treatment to avoid poor performance or even possible instability of the closed-loop system. Time
delay or transportation lag is a characteristic that commonly encountered in various engineering systems [15],
such as pneumatic and hydraulic systems, chemical processes, long transmission lines, for instance. For active
vehicle suspension systems, unavoidable time delays may appear in the controlled channel, particularly in
the digital controller as it carries out the calculations associated with complex sophisticated control law, and in
sensors and actuators hardware such as hydraulic actuators where the delays are taken by the actuators
to build up the required control force. Though the delay time may be short, it can nevertheless limit the
control performance or even cause the instability of the system when the delay appears in the feedback loop.
For those dynamic systems subjected to a retarded feedback force, the performance and stability of the
systems have been studied through characteristic equation analysis [16–18], while the controller synthesis
problems and their related issues have not been fully addressed in these studies. The stability and performance
of the system due to a retarded control force have been studied only after the controller was designed. In other
words, the time delay is not considered when designing the controller in the reported works. Therefore,
improvement of performance is expected if the existing time delay of the system can be included in the control
design. While such a treatment can be complicated when implementing classical continuous optimal control,
the stability analysis and controller synthesis theory for time delay systems have been treated to a great
extent recently. For example, the robust H1 control problem for uncertain linear systems with multiple state
delays and input delays were studied in Refs. [19–22] where delay-dependent or delay-independent control
results were obtained; robust stabilization problem for uncertain time-delay systems was studied by Li and
de Souza [23] and Moon et al. [24]; the uncertain systems with time-delay and input nonlinearity were dealt
in Refs. [25,26]; guaranteed cost control of uncertain time-delay systems can be found in Ref. [27]; and
basic theories about robust control of time-delay systems were summarized in Ref. [28], and references therein.
This also brings a new issue to controller synthesis for active vehicle suspensions such that the designed
controller should be robust with respect to the time delay effect. Recently, attempts to investigate the presence
of the time delay in actuator dynamics for active suspensions have been made [29,30]. Although only a few
publications have addressed the effect of time delay in active suspension control, this represents a more
realistic view in actuator modelling and may have a major effect on the control performance of the suspension
system.

Although the H1 control law has been employed to improve the performance and robustness of active
suspensions effectively, previous works are invariably designed under an implicit assumption that the control
inputs can be instantly realized without any delay which, however, is impossible due to many physical
limitations in controller implementation. This paper is concerned with the H1 controller design problems for
a class of vehicle suspension system with time delay in control input. A quarter-car model is used to study the
performance of a vehicle suspension system in terms of the bouncing motion, the tyre deflection, and other
performance features [30]. Three main performance requirements for advanced vehicle suspensions (ride
comfort, road holding, and suspension deflection) are considered by constructing an appropriate state
feedback H1 controller to provide a trade-off between these requirements. By referring to Ref. [31], where a
method that was regarded as the most efficient one in the vast literature to derive the upper bound for the
inner product of two vectors was presented, and exploiting the technique in Ref. [20] to deal with input delay,
this paper is focused on developing methods to design a state feedback control law based on matrix
inequalities such that the closed-loop system is asymptotically stable with a prescribed level of disturbance
attenuation subject to input delay within a known bound. Using an iteration algorithm presented in Ref. [31],
the feasible solutions can be obtained by linear matrix inequalities (LMIs) using standard numerical
algorithms. The designed controller is applied to improve the performance of a quarter-car model. Simulation
results on both bump road response and random road response show that in spite of the time delay, the
designed state feedback controller can achieve good vehicle suspension performance.

The rest of this paper is organized as follows. Section 2 presents the description of a class of suspension
systems being studied. The formulation of a H1 control problem for a quarter-car model is given in Section 3.
The main results of this paper are given in Section 4 in which a delay-dependent state feedback H1 control
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law can be obtained based on the solvability of matrix inequalities. Section 5 presents the design results and
discussions. Finally, we conclude our findings in Section 6.

2. Suspension modelling with actuator time delay

The quarter car model shown in Fig. 1 is considered here for designing active suspension control laws. This
model has been used extensively in the literature and captures many important characteristics of more detailed
models. To derive the equation of motion of the model, the effect of the actuator dynamics is neglected and the
actuator is modelled as an ideal force generator. However, the actuator’s delay can be considered as a part of
the time delay assumed in the control loop.

The governing equations of motion for the sprung and unsprung masses are:

ms €zsðtÞ þ cs½_zsðtÞ � _zuðtÞ� þ ks½zsðtÞ � zuðtÞ� ¼ uðt� tÞ,

mu €zuðtÞ þ cs½_zuðtÞ � _zsðtÞ� þ ks½zuðtÞ � zsðtÞ� þ kt½zuðtÞ � zrðtÞ� þ ct½_zuðtÞ � _zrðtÞ� ¼ �uðt� tÞ, ð1Þ

where zsðtÞ; zuðtÞ are the displacements of the sprung and unsprung masses, respectively; ms is the sprung mass,
which represents the car chassis; mu is the unsprung mass, which represents the wheel assembly; cs; ks are
damping and stiffness of the passive suspension system, respectively; kt and ct stand for compressibility and
damping of the pneumatic tyre, respectively; zrðtÞ is the road displacement input; uðtÞ represents the active
control force of the suspension system. This control force is normally generated by means of a hydraulic
actuator placed between the two masses; t is the control input time delay. We assume that zsðtÞ; zuðtÞ are
measured from their static equilibrium positions and that the tyre remains in contact with the road at all times.

Defining the state variables as follows:

x1ðtÞ ¼ zsðtÞ � zuðtÞ,

x2ðtÞ ¼ zuðtÞ � zrðtÞ,

x3ðtÞ ¼ _zsðtÞ,

x4ðtÞ ¼ _zuðtÞ, (2)

where x1ðtÞ denotes the suspension deflection, x2ðtÞ is the tyre deflection; x3ðtÞ is the sprung mass speed, and
x4ðtÞ denotes the unsprung mass speed. By defining xðtÞ ¼ ½x1ðtÞ x2ðtÞ x3ðtÞ x4ðtÞ�

T; the equation (1) can be
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Fig. 1. Quarter-car model with active suspension.
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written as

_xðtÞ ¼

0 0 1 �1

0 0 0 1

�ks=ms 0 �cs=ms cs=ms

ks=mu �kt=mu cs=mu �ðcs þ ctÞ=mu

2
66664

3
77775xðtÞ þ

0

�1

0

ct=mu

2
66664

3
77775_zrðtÞ þ

0

0

1=ms

�1=mu

2
66664

3
77775uðt� tÞ,

which can be further expressed by

_xðtÞ ¼ AxðtÞ þ B1wðtÞ þ B2uðt� tÞ, (3)

where

A ¼

0 0 1 �1

0 0 0 1

�ks=ms 0 �cs=ms cs=ms

ks=mu �kt=ms cs=ms �ðcs þ ctÞ=ms

2
66664

3
77775; B1 ¼ ½0 � 1 0 ct=mu�

T,

B2 ¼ ½0 0 1=ms � 1=mu�
T; wðtÞ ¼ _zrðtÞ.

3. Formulation of H1 control problem for suspension system

Ride comfort, road holding ability and suspension deflection are three main performance criteria in any
vehicle suspension design. It is widely accepted that ride comfort is closely related to the vertical acceleration
experienced by the car body. Consequently, in order to improve ride comfort it is important to keep the
transfer characteristic from road disturbance, zrðtÞ; to car body (sprung mass) acceleration, €zsðtÞ; small over the
frequency range of 0–65 rad/s [8]. Due to the disturbances caused by road bumpiness, a firm uninterrupted
contact of wheels with road (good road holding) is important for vehicle handling and is essentially related to
driving safety. To ensure good road holding, it is required that the transfer function from road disturbance,
zrðtÞ; to tyre deflection, zuðtÞ � zrðtÞ; to be small. The structural features of the vehicle also constrains the
amount of suspension deflection, zsðtÞ � zuðtÞ; with a hard limit. Hitting the deflection limit not only results in
the rapid deterioration in the ride comfort, but at the same time increases the wear of the vehicle. Hence, it is
also important to keep the transfer function from road disturbance, zrðtÞ; to suspension deflection, zsðtÞ � zuðtÞ;
small enough to prevent excessive suspension bottoming.

In accordance with the aforementioned requirements, we formulate an H1 control problem to deal with the
three different objectives for vehicle suspensions. It is standard in the H1 framework to use weighting
functions to shape and compromise different performance objectives. In order to satisfy the performance
requirement, the controlled output zðtÞ is composed of €zsðtÞ; zsðtÞ � zuðtÞ; and zuðtÞ � zrðtÞ, for the quarter-car
model. We consider the case that all the state variables defined in Eq. (2) can be measured, which means that
we can design a state feedback H1 controller. Therefore, the vehicle suspension control system can be
described by equations of the form

_xðtÞ ¼ AxðtÞ þ B1wðtÞ þ B2uðt� tÞ,

zðtÞ ¼ C1xðtÞ þD12uðt� tÞ,

yðtÞ ¼ C2xðtÞ, (4)

where xðtÞ; wðtÞ; A; B1; B2 are defined as in Eq. (3); uðtÞ is the control input; zðtÞ is the controlled output; yðtÞ is
the measured output; with

C1 ¼

�ks=ms 0 �cs=ms cs=ms

a 0 0 0

0 b 0 0

2
64

3
75; C2 ¼ I ; D12 ¼ ½1=ms 0 0�T, (5)
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where a40 and b40 are scalar weightings for the suspension deflection and tyre deflection, respectively. These
weightings are used to control the trade-off between the control objectives.

For the design of an H1 controller, we are interested in designing a memoryless state feedback controller

uðtÞ ¼ KyðtÞ ¼ KxðtÞ, (6)

where K is the state feedback gain matrix to be designed, such that
(1)
 the closed-loop system is asymptotically stable;

(2)
 the closed-loop system guarantees, under zero initial condition, kzðtÞk2ogkwðtÞk2 for all nonzero wðtÞ 2

L2½0;1Þ and some prescribed constant g40:
4. Delay-dependent H1 controller design

The following theorem presents the sufficient conditions for the existence of a delay-dependent H1 state
feedback controller.

Theorem 1. Consider the suspension system (4) and the Appendix A. Given scalar t̄40, the closed-loop system of

(4) is asymptotically stable with H1 performance index g for any constant time-delay t satisfying 0ptpt̄, if

there exist matrices L40; R40, W40; M ; and N, satisfying matrix inequalities (7) and (8). Moreover, a desired

H1 state feedback control law is given by uðtÞ ¼ VL�1xðtÞ:

LAT þ ALþ t̄M þN þNT þW B2V �N B1 t̄LAT LCT
1

� �W 0 t̄VTBT
2 VTDT

12

� � �g2I t̄BT
1 0

� � � �t̄R 0

� � � � �I

2
6666664

3
7777775
o0, (7)

M N

NT LR�1L

� �
40. (8)

Proof. System (4) with the state feedback control law uðtÞ ¼ KxðtÞ becomes

_xðtÞ ¼ AxðtÞ þ B1wðtÞ þ B2Kxðt� tÞ, (9)

zðtÞ ¼ C1xðtÞ þD12Kxðt� tÞ, (10)

xðtÞ ¼ fðtÞ; 8t 2 ½�t; 0�, (11)

where fðtÞ is the initial condition. By the Leibniz–Newton formula and from Eq. (11), it is possible to write

xðt� tÞ ¼ xðtÞ �

Z t

t�t
_xðyÞdy. (12)

Substituting xðt� tÞ into Eq. (9) gives

_xðtÞ ¼ ðAþ B2KÞxðtÞ � B2K

Z t

t�t
_xðyÞdyþ B1wðtÞ. (13)

Choose a Lyapunov functional V ðxðtÞÞ as

V ðxðtÞÞ9V1 þ V 2 þ V 3, (14)

where

V 19xTðtÞPxðtÞ, (15)
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V29
Z 0

�t

Z t

tþb
_xTðaÞZ _xðaÞdadb, (16)

V 39
Z 0

t�t

Z t

tþb
xTðaÞQxðaÞda db (17)

and P ¼ PT40; Z ¼ ZT40; Q ¼ QT40 are matrices to be chosen. We take the derivative of V1 along the
state trajectory of system (13) as

_V1 ¼ xTðtÞ½ðAþ B2KÞ
TPþ PðAþ B2KÞ�xðtÞ � 2xTðtÞPB2K

Z t

t�t
_xðyÞdy

þ wTðtÞBT
1 PxðtÞ þ xTðtÞPB1wðtÞ.

Define að�Þ9xðtÞ; bð�Þ9 _xðyÞ; N9PB2K in Lemma B.1 in Appendix B and apply Lemma 1, we obtain

�2xTðtÞN

Z t

t�t
_xðaÞdap

Z t

t�t

xðtÞ

_xðaÞ

" #T
X Y �N

YT �NT Z

" #
xðtÞ

_xðaÞ

" #
da

¼

Z t

t�t
½xTðtÞXxðtÞ þ 2xTðtÞðY �NÞ _xðaÞ þ _xTðaÞZ _xðaÞ�da

¼ txTðtÞXxðtÞ þ 2xTðtÞðY �NÞ

Z t

t�t
_xðaÞdaþ

Z t

t�t
_xðaÞZ _xðaÞda

pt̄xTðtÞXxðtÞ þ 2xTðtÞðY � PB2KÞ½xðtÞ � xðt� tÞ� þ
Z t

t�t
_xðaÞZ _xðaÞda ð18Þ

and

X Y

YT Z

� �
X0. (19)

Therefore, with conditions (18)–(19), we obtain

_V 1pxTðtÞðATPþ PAþ t̄X þ Y þ YTÞxðtÞ þ 2xTðtÞðPB2K � Y Þxðt� tÞ

þ wTðtÞBT
1 PxðtÞ þ xTðtÞPB1wðtÞ þ

Z t

t�t
_xðaÞZ _xðaÞda. ð20Þ

The derivative of V2 is

_V 2 ¼ t _xTðtÞZ _xðtÞ �

Z t

t�t
_xðaÞZ _xðaÞda

pt̄½AxðtÞ þ B1wðtÞ þ B2Kxðt� tÞ�TZ½AxðtÞ þ B1wðtÞ þ B2Kxðt� tÞ�

�

Z t

t�t
_xðaÞZ _xðaÞda ð21Þ

and the derivative of V3 is

_V 3 ¼ xTðtÞQxðtÞ � xTðt� tÞQxðt� tÞ. (22)

Combine Eqs. (20)–(22), we have

_V ¼ _V 1 þ _V2 þ _V 3

pxTðtÞðATPþ PAþ t̄X þ Y þ YTÞxðtÞ þ 2xTðtÞðPB2K � Y Þxðt� tÞ

þ t̄½AxðtÞ þ B1wðtÞ þ B2Kxðt� tÞ�TZ½AxðtÞ þ B1wðtÞ þ B2Kxðt� tÞ�

þ xTðtÞQxðtÞ � xTðt� tÞQxðt� tÞ þ wTðtÞBT
1 PxðtÞ þ xTðtÞPB1wðtÞ. ð23Þ
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Assume zero initial condition, i.e. fðtÞ ¼ 0; 8t 2 ½�t; 0�; we have V ðqðtÞÞjt¼0 ¼ 0: Consider the following
index:

Jzw9
Z 1
0

½zTðtÞzðtÞ � g2wTðtÞwðtÞ�dt (24)

then, for any nonzero wðtÞ 2 L2½0;1Þ there holds,

Jzwp
Z 1
0

½zTðtÞzðtÞ � g2wTðtÞwðtÞ�dtþ V ðxðtÞÞjt¼1 � V ðxðtÞÞjt¼0

¼

Z 1
0

½zTðtÞzðtÞ � g2wTðtÞwðtÞ þ _V ðxðtÞÞ�dt ¼

Z 1
0

ZTðtÞPZðtÞdt, ð25Þ

where ZðtÞ ¼ ½xðtÞ xðt� tÞ wðtÞ�T and

P ¼

F PB2K � Y þ t̄ATZB2K þ CT
1 D12K t̄ATZB1 þ PB1

� �Qþ t̄KTBT
2 ZB2K þ KTDT

12D12K t̄KTBT
2 ZB1

� � �g2I þ t̄BT
1 ZB1

2
64

3
75, (26)

where

F ¼ ATPþ PAþ t̄X þ Y þ YT þQþ t̄ATZAþ CT
1 C1.

When assuming the zero-disturbance input, i.e. wðtÞ � 0; if Eq. (26) is negative-definite, i.e. Po0; then
_V ðxðtÞÞo0 and the asymptotic stability of system (9) is established. When wðtÞ 2 L2½0;1Þ and Po0 then
implies that Jzwo0 and therefore kzðtÞk22og2kwðtÞk22:

By Schur complement, Po0 is equivalent to

ATPþ PAþ t̄X þ Y þ YT þQ PB2K � Y PB1 t̄ATZ CT
1

� �Q 0 t̄KTBT
2 Z KTDT

12

� � �g2I t̄BT
1 Z 0

� � � �t̄Z 0

� � � � �I

2
6666664

3
7777775
o0. (27)

Define L9P�1; pre- and post-multiplying Eq. (27) by diagðL L I Z�1 IÞT and its transpose, respectively,
we obtain

LAT þ ALþ t̄LXLþ LYLþ LYTLþ LQL B2KL� LYL B1 t̄LAT LCT
1

� �LQL 0 t̄LKTBT
2 LKTDT

12

� � �g2I t̄BT
1 0

� � � �t̄Z�1 0

� � � � �I

2
6666664

3
7777775
o0. (28)

After substituting V9KL; M9LXL; N9LYL; W9LQL; R9Z�1 into Eq. (28); we obtain Eq. (7).
Similarly, pre- and post-multiplying Eq. (19) by diagðL LÞT and its transpose, respectively, we obtain

LXL LYL

LYTL LZL

� �
X0 (29)

and substitute M9LXL; N9LYL; R9Z�1 into Eq. (29), we obtain Eq. (8).
Conditions (7) and (8) guarantee Po0; which further implies that Jzwo0 in Eq. (24), and therefore, the

following holds
R1
0 zTðtÞzðtÞdto

R1
0 g2wTðtÞwðtÞdt and yields kzðtÞk22og2kwðtÞk22 for all wðtÞ 2 L2½0;1Þ. This

completes the proof. &
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5. Application to vehicle active suspension control

In this section, we will apply the proposed approach to design a delay-dependent state feedback H1
suspension controller based on the quarter-car model described in Section 2. The quarter-car model
parameters have the following values [30]:

ms ¼ 972:2 kg; mu ¼ 113:6 kg,

ks ¼ 42719:6N=m; cs ¼ 1095Ns=m,

kt ¼ 101115N=m; ct ¼ 14:6Ns=m.

For subsequent comparison, a delay-dependent state feedback H1 controller for system (4) is designed at
first. This controller is implemented based on the assumption that all the state variables defined in Eq. (2) can
be measured. This controller can be designed by setting C2 ¼ I and solving the matrices inequalities (7) and (8)
for matrices L40; R40, W40; M ; and N with a given scalar g40 and t̄. By setting g ¼ 11, a ¼ 21; and
b ¼ 42; we obtain the following controller gain matrix based on K ¼ VL�1:

K ¼ 104 � ½�0:3292 � 0:6361 � 1:0125 � 0:0020�.

For description in brevity, we denote this designed controller as Controller I thereafter. Actually, using the
iteration algorithms presented in Ref. [31], Controller I is feasible for the maximum time-delay as t̄ ¼ 26ms.
This means that Controller I can stabilize the system (4) with the H1 performance index g ¼ 11 for any time-
delay satisfying 0ptp26ms.

Then, we design another H1 state feedback controller which does not consider the time delay problem
during the controller design process based on bounded real lemma (BRL). After setting g ¼ 11; a ¼ 21; and
b ¼ 42; we obtain such a controller gain as:

K ¼ 104 � ½�8:9220 � 0:1447 � 3:6650 0:1491�

and we denote this controller as Controller II for brevity.
Typically, evaluation of the vehicle suspension performance is based on the examination of three response

quantities within a prespecified frequency range, that is, the sprung mass acceleration _x3ðtÞ, the suspension
deflection x1ðtÞ between the wheel and the car body, and the tyre deflection x2ðtÞ: In order to evaluate the
suspension characteristics with respect to ride comfort, vehicle handling, and working space of the suspension,
the variability of the road profiles are taken into account. In the context of vehicle suspension performance,
road disturbances can be generally classified as shock and vibration [1]. Shocks are discrete events of relatively
short duration and high intensity, cause by, for example, a pronounced bump or pothole on an otherwise
smooth road. Vibrations, on the other hand, are consistent and typically specified as random process with a
given ground displacement power spectral density (PSD). In the following, two kinds of road profiles are used
to validate the performance of the presented control approach and the effect of the time delay on the
performance.
5.1. Bump response

Consider the case of an isolated bump in an otherwise smooth road surface, the corresponding ground
displacement is given by

zrðtÞ ¼

a

2
1� cos

2pv0

l
t

� �� �
; 0ptp

l

v0
;

0; t4
l

v0
;

8>>><
>>>:

(30)

where a and l are the height and the length of the bump. We choose a ¼ 0:1m, l ¼ 2m and the vehicle forward
velocity as v0 ¼ 45 ðkm=hÞ.
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When there is no time delay on input, i.e. t ¼ 0; the bump responses of the open-loop system ðuðtÞ ¼ 0Þ and
the closed-loop systems which are composed by Controller I and Controller II, respectively, are compared in
Figs. 2–4, where Fig. 2 shows the bump response of the sprung mass acceleration, Fig. 3 shows the bump
response of the suspension deflection, and Fig. 4 shows the bump response of the tyre deflection. It can be seen
from Figs. 2–4 that better responses are obtained for all closed-loop cases when t ¼ 0. It is confirmed by the
simulation results that good bump response quantities for sprung mass acceleration, suspension deflection,
and tyre deflection can be guaranteed by using H1 control formulation. Also, the closed-loop performance
which is realized by Controller I has the similar result to that of Controller II.

Keeping the system used for the above-mentioned simulations unchanged, we introduce the time-delay
t ¼ 24ms at the control input. Under the same bump road excitation, the responses of the sprung mass
acceleration, suspension deflection, and tyre deflection are plotted in Figs. 5–7, respectively, for the above
mentioned three systems. In this case, it is observed from Figs. 5–7 that the response of the closed-loop system
that is composed by Controller II is becoming unstable, but on the contrary, the Controller I can still stabilize
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Fig. 2. Bump response of sprung mass acceleration ðt ¼ 0msÞ.
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Fig. 3. Bump response of suspension deflection ðt ¼ 0msÞ.
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Fig. 4. Bump response of tyre deflection ðt ¼ 0msÞ.
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Fig. 5. Bump response of sprung mass acceleration ðt ¼ 24msÞ.
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the closed-loop system with no obvious degradation on performance. It is confirmed that the designed delay-
dependent Controller I can tolerate larger time delay in the control input.
5.2. Random response

When the road disturbances are considered as vibrations, they are consistent and typically specified as
random process with a ground displacement PSD of

SgðOÞ ¼

SgðO0Þ
O
O0

� ��n1

if OpO0;

SgðO0Þ
O
O0

� ��n2

if OXO0;

8>>><
>>>:

(31)
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Fig. 6. Bump response of suspension deflection ðt ¼ 24msÞ:
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Fig. 7. Bump response of tyre deflection ðt ¼ 24msÞ.
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where O0 ¼ 1=2p is a reference frequency, O is a frequency. The value SgðO0Þ provides a measure for the
roughness of the road. n1; n2 are road roughness constant.

In particular, for vehicle models, samples of the random road profiles are generated using the spectral
representation method [32]. If the vehicle is assumed to travel with a constant horizontal speed v0 over a given
road, the road irregularities can be simulated by the following series:

zrðtÞ ¼
XNf

n¼1

sn sinðno0tþ jnÞ, (32)

where sn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2SgðnDOÞDO

p
, DO ¼ 2p=l; l is the length of the road segment, o0 ¼ ð2p=lÞv0; and jn is treated as

random variables, following a uniform distribution in the interval ½0; 2pÞ. Nf limits the considered frequency
range.

The probabilistic characteristics of the random response are evaluated using Monte Carlo simulation.
Taking into account the random nature of the excitation applied, the performance index of root mean square
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(RMS) is identified by the following expected values:

J1 ¼ E
1

T

Z T

0

f _x3ðtÞg
2 dt

� �
, (33)

J2 ¼ E
1

T

Z T

0

fx1ðtÞg
2 dt

� �
, (34)

J3 ¼ E
1

T

Z T

0

fx2ðtÞg
2 dt

� �
(35)

for sprung mass acceleration, suspension deflection, and tyre deflection, respectively, where T ¼ l=v0 is the
temporal measurement period.

To validate the effectiveness of Controller I in dealing with the time delay problem, the effect of different
values of time delay in control loop is studied by calculating the RMS ratios JiðtÞ=Jið0Þ and JiðtÞ=Jio, i ¼ 1; 2,
3, vs. the time-delay t; where JiðtÞ denotes the RMS value of the closed-loop system, Jio is the RMS value of
the open-loop system. We use n1 ¼ 2; n2 ¼ 1:5, v0 ¼ 20m=s, l ¼ 100, Nf ¼ 200; in Eqs. (31) and (32) and select
the road roughness as SgðO0Þ ¼ 256� 10�6 m3; which is corresponded to D Grade (Poor) according to ISO
2631 standards, to generate the random road profile. Use T ¼ 100 in Eqs. (33)–(35) and randomly run 100
times to calculate the expectation of RMS values for J1; J2, and J3. Fig. 8 shows the plot of the ratio
JiðtÞ=Jið0Þ; i ¼ 1; 2, 3; as a function of the time-delay t. It is observed from Fig. 8 that there is no significant
degradation in the performance of the control system up to the obtained maximal time-delay (26ms). As the
time-delay exceeds about 140ms, the degradation of the control performance increases. Fig. 9 shows the ratio
JiðtÞ=Jio; i ¼ 1; 2, 3; as a function of the time-delay t. It can be seen from this figure that the closed-loop
performance is better than the open-loop system performance and this good performance can be kept up to
about 80ms with no more degradation in response quantities (the ratios JiðtÞ=Jio are all less than 1 for i ¼ 1; 2,
and 3 when the time-delay t is less than about 80ms). Although the sprung mass acceleration increases a little
with the increase of the time-delay t as shown in Fig. 8, it is still better than the open-loop response when the
time-delay t is less than about 80ms as shown in Fig. 9. On the other hand, from Figs. 8 and 9, we can observe
the conservatism of the presented approach. The designed maximum time-delay is 26ms, however, the
performance and stability of the closed-loop can be kept until the time-delay is about 140ms.

Now, effect of different values of time delay in the control loop with different road input is studied. To
check more random road profiles, we select the road roughness as SgðO0Þ ¼ 16� 10�6 m3 (B Grade, Good),
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Fig. 8. Random response ratio JiðtÞ=Jið0Þ vs. time-delay t.
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Fig. 10. Random response ratio J1ðtÞ=J1ð0Þ vs. time-delay t.
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SgðO0Þ ¼ 64� 10�6 m3 (C Grade, Average), and SgðO0Þ ¼ 1024� 10�6 m3 (E Grade, Very Poor), respectively,
according to ISO 2631 standards, and set n1 ¼ 2; n2 ¼ 1:5, v0 ¼ 20m=s, l ¼ 100, Nf ¼ 200, T ¼ 100 in
(31)–(35) and randomly run 100 times to calculate the expectation of RMS values for J1; J2, J3, respectively.
The RMS ratios JiðtÞ=Jið0Þ , i ¼ 1; 2, 3, vs. the time-delay t; are plotted in Figs. 10–12, respectively, for four
kinds of road profiles. It can be observed from Figs. 10–12 that the effect of time delay on the performance is
nearly same in spite of the different road roughness.

To show clearly the comparison results between the closed-loop system and the open-loop system, the RMS
values for different road roughness and several indicated time-delays, i.e. t ¼ 0, 20, 40ms, are compared in
Tables 1–3 for sprung mass acceleration, suspension deflection, and tyre deflection, respectively. Since in
each case, the road profile is randomly generated independently, the RMS value for every open-loop and
closed-loop case can be different. However, the relative performance between the open-loop response and
the closed-loop response is nearly same at each given time-delay as shown in Figs. 10–12. Note that the
percentage number given in the parentheses indicates the reduced amount of the closed-loop response relative
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Fig. 11. Random response ratio J2ðtÞ=J2ð0Þ vs. time-delay t.
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Fig. 12. Random response ratio J3ðtÞ=J3ð0Þ vs. time-delay t.

Table 1

Comparison of RMS values of acceleration ðm=s2Þ for different road roughness and time-delay

Time-delay t ¼ 0ms t ¼ 20ms t ¼ 40ms

Roughness Open-loop Closed-loop Open-loop Closed-loop Open-loop Closed-loop

16� 10�6 m3 0:17 0:09 ð�46%Þ 0:17 0:10 ð�40%Þ 0:16 0:12 ð�29%Þ

64� 10�6 m3 0:33 0:18 ð�45%Þ 0:33 0:20 ð�39%Þ 0:34 0:23 ð�31%Þ

256� 10�6 m3 0:69 0:36 ð�48%Þ 0:67 0:40 ð�39%Þ 0:67 0:46 ð�30%Þ

1024� 10�6 m3 1:33 0:72 ð�46%Þ 1:35 0:81 ð�40%Þ 1:33 0:92 ð�30%Þ
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Table 3

Comparison of RMS values of tyre deflection (cm) for different road roughness and time-delay

Time-delay t ¼ 0ms t ¼ 20ms t ¼ 40ms

Roughness Open-loop Closed-loop Open-loop Closed-loop Open-loop Closed-loop

16� 10�6 m3 0:22 0:18 ð�19%Þ 0:22 0:17 ð�24%Þ 0:22 0:16 ð�24%Þ

64� 10�6 m3 0:43 0:36 ð�18%Þ 0:44 0:33 ð�24%Þ 0:44 0:33 ð�25%Þ

256� 10�6 m3 0:90 0:71 ð�20%Þ 0:88 0:66 ð�24%Þ 0:88 0:65 ð�25%Þ

1024� 10�6 m3 1:75 1:42 ð�18%Þ 1:76 1:33 ð�24%Þ 1:75 1:31 ð�25%Þ

Table 2

Comparison of RMS values of suspension deflection (cm) for different road roughness and time-delay

Time-delay t ¼ 0ms t ¼ 20ms t ¼ 40ms

Roughness Open-loop Closed-loop Open-loop Closed-loop Open-loop Closed-loop

16� 10�6 m3 0:36 0:24 ð�31%Þ 0:36 0:23 ð�36%Þ 0:34 0:22 ð�36%Þ

64� 10�6 m3 0:69 0:49 ð�29%Þ 0:71 0:46 ð�35%Þ 0:72 0:44 ð�38%Þ

256� 10�6 m3 1:48 0:98 ð�33%Þ 1:41 0:92 ð�35%Þ 1:41 0:88 ð�37%Þ

1024� 10�6 m3 2:81 1:96 ð�30%Þ 2:86 1:83 ð�35%Þ 2:81 1:76 ð�37%Þ
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to the open-loop case in all tables. For instance, the maximum RMS sprung mass acceleration is reduced by
about 40% when t ¼ 20ms for every road roughness, using the proposed control approach, while at the same
time the maximum RMS suspension deflection is about 35% less than that of the open-loop one, implying that
a smaller suspension travel space may be used, and the maximum RMS tyre deflection is about 24% less than
that of the open-loop one, implying a smaller tyre travel space as well.

Tables 1–3 show that with the increase of time-delay, the proposed control method is still able to effectively
control the sprung mass acceleration, suspension deflection, and tyre deflection in lower values.
6. Conclusions

In this paper, we present a delay-dependent H1 controller design method for active vehicle suspensions
with actuator time delay. The inclusion of time delay in actuator provides a more realistic model for modelling
vehicle suspension systems. By referring to the recent result on deriving the upper bound for the inner product
of two vectors, the state feedback H1 control law is obtained based on the solution of delay-dependent matrix
inequalities. The presented controller design approach is no more complex than designing an ordinary state
feedback H1 controller. However, designing a controller that considers the time delay effect in advance can
guarantee the closed-loop performance and stability within allowable time delay bound. A simulation example
is used to demonstrate that the designed controller can effectively achieve the optimal vehicle suspension
performance even with actuator time delay to a certain extent.
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Appendix A

Notation: Rn denotes the n-dimensional Euclidean space and Rn�m the set of all n�m real matrices, k � k
refers to either the Euclidean vector norm or the induced matrix 2-norm. For a real symmetric matrix W ; the
notation of W40 (Wo0) is used to denote its positive- (negative-) definiteness. Also, I is used to denote the
identity matrix of appropriate dimensions. To simplify notation, � is used to represent a block matrix which is
readily inferred from symmetry.

Appendix B
Lemma B.1. Assume að�Þ 2 Rna ; bð�Þ 2 Rnb and N 2 Rna�nb are defined on the interval O: Then for any matrices

X 2 Rna�nb ; Y 2 Rna�nb and Z 2 Rna�nb ; the following holds:

�2

Z
O

aTðaÞNbðaÞdap
Z
O

aðaÞ

bðaÞ

" #T
X Y �N

YT �NT Z

� �
aðaÞ

bðaÞ

" #
da,

where

X Y

YT Z

� �
40.
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